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Problem 2.10
(a) Construct 1a(z).
(b) Sketch wo, wl, and 7,/}2.

(c) Check the orthogonality of vy, 11, and 19, by explicit integration. Hint: If you exploit the
even-ness and odd-ness of the functions, there is really only one integral left to do.

Solution
Here we will solve the Schrédinger equation on the whole line with V (z) = (1/2)mw?z?,

ov RO 1,
th— = ———— 4+ —mw "V (x,t), —oco <z <00,
ot 2m 0zr2 = 2 (z,1)
with the usual boundary conditions: ¥(x,t) and its derivatives tend to zero as x — +o0o. Because
the Schrédinger equation is linear and homogeneous, the method of separation of variables can be

applied. Assume a product solution of the form ¥(z,t) = ¥ (z)¢(t) and plug it into the PDE.

2 2
)60 = — o (a)o(n)] + gmePa?fi ()l

Evaluate the derivatives.

B @)o(t) + tmute?o(@)o(t)

()0 () = —5 .

Divide both sides by ¥ (x)¢(t) to separate variables.

SO0 R 1,
Mot T am i) T2

The only way a function of ¢ can be equal to a function of x is if both are equal to a constant FE.

/ t hQ " 1
O P Y) 1 e o
(t) 2m P(z) 2
As a result of applying the method of separation of variables, Schrodinger’s equation has reduced
to two ODEs—one in each of the independent variables, x and t.

L O'(t)
o = F
2 "
h w<>+1 P B

2m (x)

Values of F for which the boundary conditions of this second equation are satisfied are known as
eigenvalues (or eigenenergies in this context), and the nontrivial solutions ¢ (x) that satisfy this
second equation are known as eigenfunctions (or eigenstates in this context). This ODE in z is
known as the time-independent Schrédinger equation (TISE). Multiply both sides of it by ().

1,/}”—1— 5w 202 = B
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Since —o0o < = < oo, the method of operator factorization will be used to solve the TISE.

1< p2d*

2m da? +m2w2x2w> -y

1 [(—zh d ) Y+ (m*w?z? )| = Ey

2m

1
2m
Because the position and momentum operators don’t commute,

[2,p]f(x) = (&p — p2)f ()
= &pf(x) —pif(x)

() - () arto

df
= —ﬂixd— + zh [ f(x)]

(p* + m*w?3?) o = Evp

d—+
) = :zh

hf(z

there are two equivalent ways of writing the Hamiltonian operator in equation (1).

1
o (p + imw(i, p| + m*w?d? — imw[z ,p)) v = Ey . (ﬁ — imw(z, p| + m2w?i? + imwlz, Pl pl) v = Ev
1 1
T[p + imw(Tp — pa:)+mw2:1: —zmwzh]w:Ew 2—[ —imw(Tp — px)+m2w2x2+zmw ]w:Ew
1 1
p + imwIp — imwpt + m2w?z? + hmw =F p — 1MWIP + imwpt + m2w?z? — hmw =F
2m 2m
m
1 1
— [(=ip + mw)(ip + mwz) + hmw]p = Ev — [(ip + mwz)(—ip + mwz) — hmw]p = Ev
2m 2m

(—z’ﬁ + mwi ip + mw
Vo2mhw  V2mhw

+3)v=Ev

(iﬁ + mwit —ip + mw

1
Vomhw  V2mhw - 2) v==1y
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Introducing the operators,

1
1
a_ = 1P+ mwi),
Tnhw( P )
the TISE can be written as
1 1
hw (d+d_ + 2) Yv=FEy or hw <&_&+ — 2) 1 = E.

According to Problem 2.3, F must be positive for there to be legitimate eigenstates. Expanding
the left side of this first equation,

we see that the smallest positive energy is Ey = fw/2 and that the eigenstate associated with it
(the ground state) satisfies

Solve the resulting ODE for ).

Iy = — 22 L ¢

2h
mw
oo ()
o(z) 0exp (— 52
Ay is a normalization constant, which is chosen so that the integral of |¢(x)|? over the whole line

is 1.

= / A2 exp (— xQ) dx
00 _h_
—on2 [T |- do = 242/ | L
h
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h
2=

n- ()"

Therefore, the ground state of the harmonic oscillator is

wo(ﬁf) = (?;:)1/4 exp <—%x2> .

Since the left sides of the TISE are equivalent,

Solve for Ag.

JU. 1. 1
a+a_+§:a_a+—§
a_&+—d+& =1
[a—ad-i-]_l

a4+ and a_ are known as the promotion and demotion operators, respectively, because they raise
or lower a given eigenstate by 1 level. The energy of this new state can be calculated.

H(iy ) = h <a+a_ 4 ;) o H(a o) = hw (a_a+ - ;) 6t
— (amm 4 ;m) ¥ — (aam _ ;a> ”
— hwis <a_&+ 4 ;) ¥ — hwi_ <a+a_ _ ;) "
— hwis <a+&_+1+;>w — hwi_ <a_a+_1_;>¢
. [hw <a+a+;)+m]w —a [hw (am—;)_m]w
— [m <a+a_ + ;) o+ hw] —a [m (a_a+ _ ;) »— hw]
— iy (BY + ) — o (BY — )
— oy (B + ) ¥ — o (F— )y
= (B + hw) ay = (E — hw)a_v

The energy of the first excited state is then

hw 3
Ei="2 4 hw=Zhw
1 2+ 2 )
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and the eigenstate associated with it is

Y1(z) = A1(a+1o)

= \/;nl—hw(—iﬁerwi)wo(x)
= \/21:117% [—i <_mddx) —|—mwx] Yo(x)
= Qiihw <_h6i;f)xo +mwx1/10>
s (i [ ) e ()] e () e (57)]
=AY e () () s () e ()]
= A [ () (1Y s (1) e (- 2%)
_ A%U o (jj;;)”j rexp (~142)

m

Qmu; mw 1/4 mw o

= a7 () wesp (-5 ?)
“a () ren ()

A; is a normalization constant, which is chosen so that the integral of |¢1(x)]

is 1.

1= [P

2 over the whole line

& AmBw3\ 2 mw
= / A2 (> 2% exp (——:E2) dx
o h3 h
AmBuw3\ /2 poe 72
=242 () / ?exp |— dx
1 ﬂ-h3 0 ﬁ> 2
mw
/ i\
AmBw3\ 2 2! mw
_ 2 . -
=24 ( Th? > Tl
= A2
Solve for A;.
A =1
Therefore, the first excited state of the harmonic oscillator is
AmBw3\ /4 mw
() = ( 3 > x exp (—ﬁﬁ) .
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The energy of the second excited state is
3 5
= —hw + hw = —hw,
2 2

and the eigenstate associated with it is

Vo(x) = Az(a441)

A
= (i + M)y (@)
= \/% [—z <—zhd >+mwx} P1(x)
2mhw< —i—mwxwl)
1/4 3 3\ 1/4
d 4m mw o dm°w mw o
zm;—w{ th Tns ) vexp (=) *mwx!(ma ) rexp (=g )”
e mew o\ (_me
2mhw{ h( h® eXp( on o) e (—5p?) (=)

mh3 2h

N <4m3w3>1/4 5 ( mw o
mw 2% exp

A AmB3w3\ V4
= 2 ( mw > [—hexp (—%:ﬂ) + mwa? exp (—%x ) + mwa? exp (—%aﬁ)}

omhw \ Th? 2h 2h 2h
= ( 3 (2mwz® — h) exp (—%m )

St

o () (o 2
() () ().

As is a normalization constant, which is chosen so that the integral of |¢2(x)|? over the whole line
is 1.

3

1=/°°w2<x>12dx

= /_OO A3 <1:;;)1/2 (2TZW 2 1>2exp (—%ﬁ) dx

o0

= 243 ( — )1/2 /Ooo (27;?0332 — 1)Qexp <—%x2> dx

Make the following substitution.

mw

§=
¢ = 1/ Ydr - dx_\/ﬂdg
mw
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Consequently,

B mw\ 1/2 [ g2 h
1 =242 (ﬁ> /0 (262 — 1)% ( mwdg)

2A2 00 3
- Wg/{) (262 —1)2% ¢ d¢

2A2 e’} B
:771/22/0 (¢t — 482 + 1)e € de

2A% e 4 _52 e 2 _52 o0 _52
=—= (4 e dE —4 e dE+ e s d€
/2 0 0 0

243 4 1\’ 2l (117 1
—M[“Wm(z) ‘4'\/771!(2) *ﬁ@
= 243,

Solve for As. .
Ay = —
V)

Therefore, the second excited state of the harmonic oscillator is

o) = (1) " (5207 - 1) o (- 54).

We could keep using the promotion operator to get 13(z), ¥4(x), and so on if we wanted to.
Below are plots of the first three eigenstates versus x for the special case that mw/h = 1.

Yo(x)

mw\1/4 mw 9
Urp(x :(—) ex (—— X )
0( ) mh P 21
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Y1 (x)

0.6}
047

0.2

Yo (x)
1.0

mw\1/4 (2 mw mw
o[22 (222 ol 2.9
4 h h 2h

0.5¢

-0.

Yo(x) and 9 (z) are orthogonal because the integral of an odd function over a symmetric interval
is zero.

[ vitomtonas = [ () e () () e ()

—00

= \/ZW;LW /OO T exp (—%mj) dx
=0
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¥1(x) and y(x) are orthogonal because the integral of an odd function over a symmetric interval
is zero.

[ witepntora = [ (MY e () () (20 g () g
. (@) (z) do = N\ vexp (—5-2 ) | — - exp (71" ) do
1 w7 2mw 2 mw o
_\/Eh/ x( W 1>exp( hx)da:
=0

o0

Now check the orthogonality of 1g(x) and 9 (x).

/Z Vo ()Y (r) do = /OO (%)1/4 exp (—%mﬂ) (%)1/4 (27;?)3:2 — 1) exp <—%x2> dzx

o0

mw [ (2mw , mw o

=/ — kadp B | _
\ 27h _OO< no )eXp( h$>d$

mw

¢ = 1/ Ydr - dx_\/idg
mw

[ vilaiata) d - 2@ / T2e e ( szds)
\f/ (262 — 1)e ¢ de
e [
ety ()

()

Consequently,

=0,

which means ¥ (z) and 12(z) are orthogonal as well. With the eigenenergies of the first three
eigenstates known, the ODE in ¢ can be solved to determine the corresponding ¢(t) in each case.

L oo(t)  hw ¢’ (t) 3 L Ph(t) 5
ooty ~ 2 oty ~ 2™ oty =2
¢0(t) _ Doe—iwt/2 ¢1( ) _ Dle—3iwt/2 ¢2(t) _ D2e—5iwt/2
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According to the principle of superposition, the general solution to Schrodinger’s equation is a
linear combination of the product solutions (or stationary states in this context)
U, (x,t) = ¥p(x)dn(t) over all the eigenvalues.

U(z,t) = iBn\I!n(a:,t)
n=0

= BO\I/()(ZE,t) + Bl\Ifl(ZL‘,t) + BQ‘PQ(iE,t) -+ e
= Boyo(z)¢o(t) + Bipr(z)¢1(t) + Batpa(x)d2(t) + - -

_ B, (%> 1/4 exp <_mwx2) o—iwt/2

wh 2h
Am3u3\ M mw o Siwt
W daeed —3iwt/2
+B1< 3 > xexp( 2h$>6

mw\1/4 (2mw , MW 9\ it /2
B (31) (nx ‘1>exp(‘zn”f)e o

With a provided initial condition ¥(z,0) for the wave function, these coefficients B,, could be

determined.

www.stemjock.com



